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Abstract
A topological space X is said to have the Scorza-Dragoni property if the following property holds: For every metric space Y and
every Radon measure space (T ,μ), any Carathéodory function f :T × X → Y is Luzin measurable, i.e., given ε > 0, there is a
compact set K in T with μ(T \K) ε such that the mapping f :K×X → Y is continuous. We present a selection of spaces without
the Scorza-Dragoni property, among which there are first countable hereditarily separable and hereditarily Lindelöf compact spaces,
separable Moore spaces and even countable k-spaces. In the positive direction, it is shown that every space which is an ℵ0-space
and kR-space has the Scorza-Dragoni property. We also prove that every separately continuous mapping f :T × X → Y , where
Y is a metric space, is Luzin measurable, provided the space X is strongly functionally generated by a countable collection of
its bounded subsets. If Martin’s Axiom is assumed then all metric spaces of density less than c, and all pseudocompact spaces of
cardinality less than c, have the Scorza-Dragoni property with respect to every separable Radon measure μ. Finally, the class of
countable spaces with the Scorza-Dragoni property is closely examined.
© 2006 Elsevier B.V. All rights reserved.
MSC: 54C08; 54A35; 28A20
Keywords: Carathéodory function; Luzin measurability; k-space; kR-space; ℵ0-space; Scorza-Dragoni property
1. Introduction
A Carathéodory function is a mapping f :T × X → Y , where X is a topological space, Y a metric space and T a
Radon measure space, satisfying the following conditions:
• for every t ∈ T , the mapping f (t, ·) :x ∈ X → f (t, x) ∈ Y is continuous;
• for every x ∈ X, the mapping f (·, x) : t ∈ T → f (t, x) ∈ Y is μ-measurable, when T and Y are equipped with
their Borel σ -algebras.
Here, T is a Radon measure space means that T is a topological space equipped with a Borel Radon measure. In the
sequel, if the measure is not explicitly mentioned in a statement, it will be denoted by μ and always assumed to be
σ -finite. Sometimes mappings or sets that are “μ-measurable” are simply termed “measurable”.
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if for any ε > 0, there is a compact subset K of T such that μ(T \ K)  ε and such that the mapping g :K → Y is
continuous. There is a natural extension of this concept to functions defined on the product space T × X as follows:
The mapping f :T × X → Y is said to have the Scorza-Dragoni property if, given ε > 0, there is a compact set
K ⊂ T such that μ(T \ K)  ε and the mapping f :K × X → Y is continuous (K × X being equipped with the
product topology). Since in our considerations only the factor T will be equipped with a measure, there would be no
ambiguity in calling such a mapping Luzin measurable. For convenience sake, we adopt here the latter terminology
and reserve the expression “Scorza-Dragoni property” for a concept, to be introduced below, concerning topological
spaces. Similarly, if it holds that the compact set K can be chosen so that the mapping f :K × X → Y is separately
continuous, then we say that the mapping f is separately Luzin measurable.
Scorza Dragoni [24] has shown that any Carathéodory function f : [0,1] × R → R is Luzin measurable. This
classical result was developed and generalized by several authors in different directions. The scope of the present
work is limited, and closely related, to the subject of the papers [3,13,12,16,23]. More precisely, we are concerned
here by the results similar to the following theorem, established by Ricceri and Villani [23]:
Theorem 1.1. Let T be a Radon measure space. Then, any Carathéodory function f :T × X → Y , where X is a
separable metric space and Y is a metric space, is Luzin measurable.
We shall say that the space X is a Scorza-Dragoni space (with respect to (T ,μ)) if Theorem 1.1 holds for any
metric space Y and any Carathéodory function f :T × X → Y . Observe that in this definition the space T may be
assumed to be compact and μ(T ) = 1.
A number of well-known examples, as the Sorgenfrey line [3], indicate the limitations of Theorem 1.1 with respect
to the factor X. In Section 2, it is shown by means of several more examples that even compact spaces that are
first countable hereditarily separable and hereditarily Lindelöf, or spaces having some kinds of generalized metric
properties (like separable Moore spaces), need not have the Scorza-Dragoni property. In Section 3, Theorem 1.1 is
however extended beyond the class of metrizable spaces; namely, to the larger class of spaces that are kR-spaces and
ℵ0-spaces.
In Section 4, we consider the problem of when a separately Luzin measurable mapping is Luzin measurable. The
following statement is established in Section 4 (Theorem 4.2): Any separately Luzin measurable mapping f :T ×X →
Y is Luzin measurable, provided X is strongly functionally generated by a countable collection of its bounded subsets;
T being equipped with a Radon measure and Y an arbitrary metric space. There is no known example of a compact
Scorza-Dragoni space which is not metrizable, even if the space Y is the real line and T is assumed to be the usual
unit interval with the Lebesgue measure. Theorem 4.2 is used to show that if Martin’s Axiom is assumed, then any
pseudocompact space X of cardinality less than c has the Scorza-Dragoni property with respect to every separable
Radon measure. A similar statement holds for every metrizable space of density <c. By contrast we have the result
established by Ricceri and Villani [23], stating that there is no metrizable space of densityc which is Scorza-Dragoni
space with respect to the Lebesgue measure.
Finally, in Section 5, it is shown that there are countable k-spaces which are not Scorza-Dragoni spaces and count-
able Scorza-Dragoni ℵ0-spaces which are not k-spaces. Countable spaces with a single non-isolated point play an
important role in the countable sitting. The filter of neighborhoods of the non-isolated point in such a space can be
regarded as a subset of the usual Cantor space 2N. It is shown that the filters arising in this way from Scorza-Dragoni
spaces form a class which is closed under countable intersections and under measurable filtering countable unions
(the concept is defined in Section 5).
In the proof of Theorem 1.1 given in [23], the authors had to call on a combination of the linear structure of a
normed space (in which the metric space Y is embedded) and a partition of unity on the space T × X (T is supposed
to be compact, which via Stone’s theorem ensures paracompactness of the product space T × X [10]). This proof is
presented in Section 2 in a simplified form. In particular, the paracompactness of X is not used and, as a result, there
is no additional assumptions on the space T nor on Y . The ideas of this proof will be used below (Theorem 4.7). An
alternative proof of the extension of Theorem 1.1 mentioned above is given in Section 3, in the important case when
the metric space Y is separable.
In this paper, as in almost all proofs of Scorza-Dragoni type results, a key role is played by the following special
case of Theorem 1.1:
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space, is Luzin measurable.
Theorem 1.2 for separable metrizable Y (or more generally, for second countable Y ) is known as Luzin’s theorem
and is easy to prove. The non-separable version is far more difficult; it reduces to the separable case with the help
of the following deep result of Fremlin [11] (see also [18]): With the notations and hypothesis of Theorem 1.2, there
exists a separable (closed) subspace Y0 of Y such that μ(T \ f−1(Y0)) = 0. In the sequel, in many places where
Luzin’s theorem is invoked, it is in fact the non-separable version (Theorem 1.2) which is needed (as in [23]).
In this paper, unless stated otherwise, all spaces are assumed to be Hausdorff and regular spaces are T1. The
symbols N, I and R stand respectively for the integers, the unit interval [0,1] and the reals with their usual topologies.
2. The proof of Theorem 1.1 and related examples
We begin with the proof of Theorem 1.1. As already mentioned, the main ideas of this proof are given in [23].
Another approach, proposed by the referee, is presented below (see the paragraph after the proof of Theorem 4.7 in
Section 4).
Proof of Theorem 1.1. With the notations of Theorem 1.1, let |x − y| denotes the distance between x and y in Y ,
d  1 a metric for the space X and (xn)n∈N a dense sequence in X. In items (1)–(4) below, t ∈ T , y ∈ X and ε > 0
are fixed.
(1) Let δ > 0 be such that for any m ∈ N the relation d(y, xm) < δ implies that |f (t, xm) − f (t, y)| ε. Then, for
each x ∈ X, the relation d(y, x) < δ implies that |f (t, x) − f (t, y)| ε. Indeed, if x is in the open ball B(y, δ) and
if |f (t, x) − f (t, y)| > ε, then, since f (t, ·) is continuous and (xn)n∈N is dense in X, there exists m ∈ N such that
d(y, xm) < δ and |f (t, xm) − f (t, y)| > ε, which contradicts our assumptions.
For every x ∈ X, s ∈ T and η > 0, let α(x, s, η) denotes the lower upper bound of all numbers δ ∈ ]0,1] for which
the relation d(x, z) < δ implies that |f (s, x) − f (s, z)| η (z ∈ X). Note that α(x, s, η) is well defined.
(2) The inequality d(y, x) < α(y, t, ε) implies |f (t, x) − f (t, y)| ε. This is obvious.
(3) The function s ∈ T → α(y, s, ε) ∈ ]0,1] is μ-measurable. Indeed, it follows from (1) and (2) that for each
a ∈ ]0,1] we have
α(y, ·, ε)−1([a,1])= ⋂
m∈I
{
s ∈ T : ∣∣f (s, xm) − f (s, y)∣∣ ε},
where I = {m ∈ N: d(y, xm) < a}. The μ-measurability of the mapping α(y, ·, ε) follows, since all the mappings
f (·, y), f (·, xm), m ∈ I , are μ-measurable.
(4) There exists n ∈ N such that d(y, xn) < α(xn, t, ε)/2. Indeed, let η > 0 be such that d(y, x) < η implies
|f (t, y) − f (t, x)|  ε/2. Choose n ∈ N such that d(y, xn) < η/5. Then α(xn, t, ε)  η/2 (and thus d(y, xn) <
α(xn, t, ε)/2); indeed, if not, there exists z ∈ X satisfying d(xn, z) < η/2 and |f (t, z) − f (t, xn)| > ε. Since
d(y, z) < η, we obtain |f (t, xn)− f (t, z)| |f (t, xn)− f (t, y)| + |f (t, y)− f (t, z)| ε, which is impossible.
(5) Conclusion. Let η > 0. It follows from (3) and Theorem 1.2 that there is a compact set K ⊂ T with
μ(T \ K) η, and such that all the mappings f (·, xn), α(xn, ·,1/m), n,m ∈ N, are continuous from K to Y , re-
spectively to ]0,1]. Let us verify that f :K ×X → Y is continuous. Let x ∈ X, t ∈ K and k ∈ N. Using (4), let n ∈ N
be such that d(x, xn) < α(xn, t,1/3k)/2. Put
U = {y ∈ X: d(y, xn) < α(xn, t,1/3k)/2}
and define V to be the intersection of
V1 =
{
s ∈ K: α(xn, t,1/3k)/2 < α(xn, s,1/3k)
}
and
V1 =
{
s ∈ K: ∣∣f (s, xn)− f (t, xn)∣∣< 1/3k}.
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in K . Let (s, y) ∈ V ×U . Then d(y, xn) < α(xn, s,1/3k), d(x, xn) < α(xn, t,1/3k) and |f (s, xn)−f (t, xn)| < 1/3k;
consequently:∣∣f (s, y) − f (t, x)∣∣ ∣∣f (s, y) − f (s, xn)∣∣+ ∣∣f (s, xn)− f (t, xn)∣∣+ ∣∣f (t, xn)− f (t, x)∣∣ 1/k. 
The next part of this section is devoted to various examples which will be used throughout for illustration and
counterexamples for plausible extensions of Theorem 1.1. The first four examples are well known and they are briefly
mentioned here. All these spaces fail to have the Scorza-Dragoni property with respect to the unit interval I equipped
with the Lebesgue measure. The space Y will be the real line R or the discrete space {0,1}. In all these examples,
except in Examples 2.1 and 2.4, we only indicate the space X and the corresponding Carathéodory function, denoted
by the letter f ; that f is not Luzin measurable often follows from the simple fact that any uncountable compact
subspace of I must contain an increasing infinite sequence.
Example 2.1. [23] Every metric space of density  c (the cardinal of the reals). As mentioned in [23], this implies
under the Continuum Hypothesis (CH) that every metric Scorza-Dragoni space is separable (even if T is assumed to
be the unit interval I with Lebesgue measure). We will show in Section 4 that CH cannot be dropped here.
Example 2.2. [3] The Sorgenfrey line S. Recall that S is the set R equipped with the topology generated by sets of
the form [a, b[, a, b ∈ R. The Carathéodory function f is given by f (s, t) = χ[s,1[(t).
Example 2.3. [16] The function space Cp(I). Here Cp(I) stands for the set of all real-valued continuous functions on
I, equipped with the pointwise convergence topology. The function f is the evaluation mapping (x,φ) ∈ I×Cp(X) →
φ(x) ∈ R.
Example 2.4. [13] The reals R with the density topology.
Example 2.5. The Alexandroff duplicate of I. This is the set Δ = I × {0,1} equipped with the topology defined as
follows: points of I × {1} are isolated, and basis for the neighborhoods of (t,0) is of the form {(s, δ) ∈ Δ: |s − t | <
ε} \ {(t,1)}, ε > 0. The function f : I ×Δ → {0,1} is given by f (t, (s, δ)) = χ{(t,1)}(s, δ).
Example 2.6. The two arrows space D. This is D = (]0,1] × {0}) ∪ ([0,1[×{1}), where a neighborhoods basis for
(t,0) is given by sets of the form (]a, t] × {0,1}) \ {(t,1)}, and of the form ([t, a[ × {0,1}) \ {(t,0)} for (t,1), a > 0.
The function f : I×D → {0,1} is defined as follows: for t ∈ I, f (t, ·) is the characteristic function of (]t,1] × {0})∪
([t,1] × {1}). Note the similarity with Examples 2.2 and 2.5.
Example 2.7. The Pixley–Roy space PR over I (this is a Moore space). The points of PR are finite non-empty subsets
of I; a neighborhood basis of s ∈ PR is given by sets of the form {t ∈ PR: s ⊂ t ⊂ U}, where U is an (usual) open
subset of I. The mapping in question is given by f (t,F ) = χF (t). One can replace PR by its subspace given by the
set of all non-empty sets F ⊂ I of cardinality at most 2.
Example 2.8. A separable Moore space. Consider the Niemytzki plane, that is the half-plane L = {(x, y): y  0} of
R × R topologized as follows (see [10, Example 1.2.4]): The points (x, y), y > 0, have their usual neighborhoods;
a neighborhood basis for each of the points (t,0), t ∈ R, is given by sets of the form {x} ∪ U(t, r), where U(t, r)
is the interior of the disc included in L of radius r > 0 and tangent to (t,0). To remain within the scope, consider
the subspace L0 = {(x, y) ∈ L: x ∈ [0,1]} of L and let f : I × L0 → R be the restriction of the mapping g defined
following [10, ], Example 1.4.5: For every t ∈ R let g(t, (t,0)) = 0; for x = (t,0), let g(t, x) = 1 and for x /∈ U(t,1)
let g(t, x) = |tx||tx′| , where x′ is the point at which the line starting at (t,0) and passing trough x, intersects the circle
bounding U(t,1). Here, for t ∈ R and y ∈ L, the symbol |ty| represents the length of the segment joining the points
(t,0) and y.
Example 2.9. The Alexandroff compactification A of a discrete space of cardinal  c. It is enough to take A =
[0,1] ∪ {∞}, with [0,1] discrete; the mapping f : I ×A → {0,1} is given by f (t, x) = χ{t}(x).
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the Cp(I) is cosmic (that is, continuous image of separable metric space), D is hereditarily separable and hereditarily
Lindelöf, the compact spaces D and Δ are first countable and that A and Δ are Eberlein-compact spaces [2]. It is
also easy to check that the function f in Examples 2.5, 2.6 and 2.9 (where X is compact) is not separately Luzin
measurable; this is no accident, since this is excluded by Theorem 4.2 in Section 4.
3. An improvement of Theorem 1.1
Many of the examples in Section 2 illustrate the sharpness of the assumptions on the factor X in Theorem 1.1.
It turns out that an extension of Theorem 1.1 beyond the class of metrizable spaces is still possible (Corollaries 3.3
and 3.4). Corollary 3.4 recovers the generalization of Theorem 1.1 obtained in [12]. Although these extensions are
obtained as a consequence of Theorem 1.1 and Proposition 3.2 below, we shall include an entirely different proof of
Corollary 3.3 for separable metric Y .
Recall that a mapping g :M → X is said to be R-quotient, where M and X are topological spaces, if for any
mapping h from X to R (or, equivalently, to any Tychonoff space), the continuity of h ◦ g implies that of h. Clearly,
every quotient mapping is R-quotient. A kR-space is a space which is R-quotient of some k-space.
Proposition 3.1. Let T be a Radon measure space and f :T × X → Y a mapping. Let g :M → X be a continuous
onto mapping and define h :T ×M → Y by h(x,m) = f (x, g(m)). Then
(i) if f is a Carathéodory function, then so is h;
(ii) if f is (separately) Luzin measurable, then so is h;
(iii) if g is R-quotient and h is (separately) Luzin measurable, then so is f .
Proof. We prove item (iii) (items (i) and (ii) being obvious). Let ε > 0. First, suppose that there exists a compact set
K ⊂ T with μ(T \K) ε and such that h :K ×M → Y is continuous. Let us verify that the mapping f :K ×X → Y
is continuous, or equivalently, that the mapping φ :y ∈ X → f (·, y) ∈ Cu(K,Y ) is continuous. Here, Cu(K,Y ) stands
for the set C(K,Y ) of continuous mapping from K to Y , with the uniform convergence topology. Note that the
mapping φ really takes its values in C(K,Y ), g being onto. Since Cu(K,Y ) is a Tychonoff space, the continuity of φ
follows from the continuity of φ ◦ g, which is exactly the continuous mapping m ∈ M → f (·, g(m)) ∈ Cu(K,Y ).
A similar argument works for the parenthetic part of (iii), with Cu(K,Y ) replaced by C(K,Y ) equipped with the
pointwise topology. 
Proposition 3.1 immediately yields:
Proposition 3.2. Let (T ,μ) be a Radon measure space. The class of Scorza-Dragoni spaces with respect to (T ,μ) is
stable under R-quotient mappings.
A collection N of subset of the space X is a network (for X) if every open set in X is an union of sets from N . If
for every compact set K ⊂ X and every open set U ⊂ X containing K , there is N ∈N such that K ⊂ N ⊂ U , then
the collection N is said to be a k-network of X. Following [19], a regular topological space X is cosmic if X has a
countable network N ; if in addition N is k-network of X, then X is said to be an ℵ0-space. It is well known that a
regular space X is an ℵ0-space if and only if X is a compact-covering image of a separable metric space [19].
Regular spaces which are kR-space and ℵ0-space has been characterized by Arhangel’skiıˇ in [1] as spaces that
are R-quotient of separable metric spaces. Consequently, the next statement follows from Theorem 1.1 and Proposi-
tion 3.2.
Corollary 3.3. Every space which is a kR-space and an ℵ0-space is a Scorza-Dragoni space.
Example 2.3 in Section 2 shows that the class of Scorza-Dragoni spaces is not stable under continuous image and
does not contain every cosmic spaces. Thus, in view of Corollary 3.3, it is natural to wonder if every cosmic kR-spaces
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leads us to emphasize the next particular statement of Corollary 3.3.
Corollary 3.4. Every space which is a k-space and an ℵ0-space is a Scorza-Dragoni space.
Remark 3.5. (1) Corollary 3.4 admits as a particular case the following result established by Gaı˘dukevich et al. [12]:
Every space X which is determined by a sequence (Xn)n∈N of its separable metrizable subspaces is a Scorza-Dragoni
space. Clearly, such a space X is a k-space and ℵ0-space, being quotient of a metrizable separable space (namely, the
topological sum of the Xn’s, n ∈ N); see [19, Corollary 11.5].
(2) It is established in [3], with an interesting “non-metric” proof, that every second countable space X (without any
separation axiom on X) is a Scorza-Dragoni space. It is easy to see that a space X is a Scorza-Dragoni space provided
its T0-ification is, and vice versa. Therefore, the result of [3] follows also from Theorem 1.1 and Proposition 3.2
(where it should be noted that no separation axiom on X and M is needed). Indeed, the space X and its T0-ification
have the same weight; on the other hand, it is well known that every second countable T0-space is a continuous open
image of a separable metric space [20].
An easy application of Fremlin’s theorem shows that an equivalent statement of Corollary 3.3 is obtained if the
metric space Y is supposed to be second countable (notice that X is separable). We will give a proof of Corollary 3.3
in this important case without referring to Theorem 1.1. To do that, the following simple but useful lemma is needed.
Lemma 3.6. Let T be a Radon measure space and f :T → X a mapping, where X is a space with countable network
N such that f−1(N) is μ-measurable for each N ∈N . Then, the mapping f :T → X is Luzin measurable.
Proof. Denote by τ the topology of X and let τN be the topology on X generated by N . Since N is countable,
the σ -algebra generated by τN coincides with the one generated by N . In particular, the mapping f :T → X is μ-
measurable, when X is equipped with τN . To conclude, it remains to apply Luzin’s theorem to τN (which is finer
than τ ). 
Proof of Corollary 3.3. Let f :T × X → Y be a Carathéodory function and suppose that X is a kR-space and an
ℵ0-space. As mentioned above, we assume that Y is second countable. Denote by φ :T → C(X,Y ) the mapping
defined by φ(t)(x) = f (t, x), t ∈ T , x ∈ X. Let N be a countable k-network of the space X and B a countable base
for Y . For each N ∈N and B ∈ B, write W(N,B) = {f ∈ C(X,Y ): f (N) ⊂ B}. We may suppose that every member
of N is closed in X and N is stable under finite intersections. It follows that the collection M of all finite unions
of finite intersections of sets of the form W(N,B), N ∈N , B ∈ B, is a countable network for Ck(X,Y ), the space
C(X,Y ) with the compact open topology; see [19]. Every member of M is closed in Cp(X,Y ). On the other hand,
since Cp(X,Y ) is hereditarily Lindelöf (because cosmic) [19], and since for each x ∈ X and every open set U ⊂ Y
the set {t ∈ T : f (t, x) ∈ U} is μ-measurable, it follows that the mapping φ :T → Cp(X,Y ) is μ-measurable. In
particular, all the sets φ−1(M), M ∈M, are μ-measurable.
Let ε > 0. By applying Lemma 3.6 to φ :T → Ck(X,Y ) and M, choose a compact set K ⊂ T with μ(T \K) < ε
such that the mapping φ :K → Ck(X,Y ) is continuous. To conclude, we show that f :K × X → Y is continuous.
Since φ :K → Ck(X,Y ) is continuous, the mapping x ∈ L → f (·, x) ∈ Cu(K,Y ) is continuous, for every compact
set L ⊂ X; since X is a kR-space, it follows that the mapping x ∈ X → Cu(K,Y ) is continuous, which means that
f :K ×X → Y is continuous. 
To conclude this section, let us mention the following consequence of Theorem 1.1 and Proposition 3.1 (this is also
contained in the above proof).
Proposition 3.7. Let X be a cosmic space. Then, every Carathéodory function f :T ×X → Y , where Y is a metrizable
space, is separately Luzin measurable.
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In this section we consider the question of for which spaces X every separately Luzin measurable function where
X is involved is Luzin measurable. The basic result is Theorem 4.2 stating, in particular, that this is always possible
for pseudocompact spaces. Theorem 4.2 is applied below to show that the Scorza-Dragoni property with respect to
only separable measures, is not sufficient for compact or metrizable spaces to be separable (Theorems 4.6 and 4.7).
Following [2], a space X is said to be strongly functionally generated by a collection M of its subspaces, if for
any discontinuous mapping f :X → R there is M ∈M such that the restriction of f to M is discontinuous. (As for
R-quotient mappings, it is useful to note that one can take in this definition any Tychonoff space in place of the reals.)
Recall that a (non-empty) subspace A of X is said to be bounded in X if for any continuous mapping f :X → R,
f (A) is bounded in R.
The proof of Theorem 4.2 relies for one of its parts on the next lemma, the proof of which can be extracted from
the argument of a more general result in [4]. For sake completeness we include a proof for the special case needed
here.
Lemma 4.1. Let f :B × X → Y be a separately continuous mapping, where B is a non-empty ˇCech-complete space
and (Y, d) is a metric space. Then, for every bounded set A in X and every ε > 0, there exist a finite set F ⊂ A and a
non-empty open set U ⊂ B such that, for each b ∈ U and x ∈ A, there is a ∈ F such that d(f (b, x), f (b, a)) ε.
Proof. Let (Un)n∈N be a complete sequence of open covers of B (see [10]). Suppose that for some ε > 0 the con-
clusion of the lemma fails. Then, starting from any fixed point a−1 ∈ A, it is easy to construct by induction three
sequences (an)n∈N ⊂ A, (bn)n∈N ⊂ B and (Un)n∈N such that, for every n ∈ N, the following conditions are satisfied:
(i) Un ∈ Un and bn ∈⋂in Ui ;
(ii) d(f (bn+1, ai), f (bj , ai)) < ε/4, for every i  j  n;
(iii) d(f (bn, an), f (bn, ai)) ε, for every i < n.
For each n ∈ N, put
Vn =
{
b ∈ B: d(f (b, ai), f (bj , ai))< ε/4,∀i  j  n}.
It follows from (i), (ii) and from the completeness of (Un)n∈N that
⋂
n∈N Vn = ∅. Let b ∈
⋂
n∈N Vn = ∅; since
f is separately continuous, it follows from (ii) that d(f (b, ai), f (bn, ai))  ε/4 for all n ∈ N and i  n. Since
A is bounded in X and the mapping f (b, ·) :X → Y is continuous, there exist n,m ∈ N, with n > m, such that
d(f (b, an), f (b, am)) < ε/4. For such n and m, we obtain
d
(
f (bn, an), f (bn, am)
)
 d
(
f (bn, an), f (b, an)
)+ d(f (b, an), f (b, am))+ d(f (b, am),f (bm,am))
 ε/4 + ε/4 + ε/4 < ε,
which contradicts (iii). 
Theorem 4.2. Let f :T × X → Y be a separately Luzin measurable mapping, where T a Radon measure space and
Y a metric space. If X is strongly functionally generated by a countable collection of its bounded subspaces, then the
mapping f :T ×X → Y is Luzin measurable.
Proof. We show that if A ⊂ X is bounded in X, then f :T ×A → Y is Luzin measurable. Then, to conclude the proof,
we proceed as follows: for a given ε > 0 we take a compact set K ⊂ T with μ(T \K) ε such that f :K ×An → Y
is continuous for every n ∈ N, where (An)n∈N is a sequence of bounded sets in X generating the space X; since the
space Cu(K,Y ) of continuous functions from K to Y (with the uniform convergence topology) is a Tychonoff space,
we get that the mapping x ∈ X → Cu(K,Y ) is continuous.
Let A be bounded set in X. The argument proceeds through a series of reductions. From the outset, we suppose
that the space T is compact and the mapping f :T ×X → Y is separately continuous.
Step 1. In this step, the space Y is the real line R and A is a compact subspace of X. We denote by Cp(A)
(respectively, Cu(A)) the set C(A) of real-valued continuous functions defined on A, with the pointwise convergence
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weak topology.
We also suppose that f takes its values in I (if necessary, consider an embedding h :R →]0,1[ and take the mapping
h ◦ f in place of f ). Let φ :T → Cp(A) be the mapping given by t ∈ T → f (t, ·)|A ∈ C(A). Since φ is continuous,
φ(T ) is a compact subset of Cp(A); consequently, as f is bounded, φ(T ) is a norm-bounded set in Cu(A). It follows
from Grothendieck’s theorem [14] that φ(T ) is a compact subspace of Cw(A). Therefore, the mapping φ :T → Cw(A)
is continuous. On the other hand, it is well known that every Borel set in Cu(A) is universally measurable in Cw(A)
(here we use Edgar’s theorem [9]); thus, the mapping φ :T → Cu(A) is μ-measurable. (Note that the image of μ
under the mapping φ :T → Cw(A) is a Radon measure.) To conclude this part of the proof, it suffices to apply Luzin’s
theorem to the mapping φ :T → Cu(A).
Step 2. In this step, Y is again the reals but now A is an arbitrary bounded set in X. Since the mapping ψ :x ∈ X →
f (·, x) ∈ Cp(T ) is continuous, ψ(A) is bounded in Cp(T ); consequently, the closure ψ(A) of ψ(A) in Cp(T ) is a
compact subspace of Cp(T ) (this is a variant of another theorem of Grothendieck, see [2]; recall that T is assumed
to be compact). Let ε > 0. By the first step, there exists a compact set K ⊂ T with μ(T \ K)  ε such that the
mapping g : (t, φ) ∈ K × ψ(A) → φ(t) ∈ R is continuous (here ψ(A) is considered as a subspace of Cp(T )). This
implies that the mapping χ :φ ∈ ψ(A) → g(·, φ) ∈ Cu(K) is continuous, which in turn implies that the mapping
χ ◦ψ|A :x ∈ A → f (·, x) ∈ Cu(K) is continuous. It follows that the mapping T ×A → R is Luzin measurable.
Step 3. Now we are in position to prove the general case. Denote by d a distance for the space Y . Let 1 > ε > 0
and, in order to simplify, suppose that μ(T ) = 1. To establish the theorem, fix η > 0 and let us show that there exists a
compact set K ⊂ T with μ(K) > ε such that the oscillation of the mapping f :K ×A → Y is less than η at each point
of K × A. This will enable us to construct inductively a decreasing sequence (Kn)n∈N ⊂ T of compacts sets with
μ(Kn) > ε such that, for each n ∈ N, the oscillation of the mapping f :Kn × A → Y is less than 1/n at each point
of Kn × A; then, letting L =⋂n∈N Kn gives a compact set with μ(L) ε for which the mapping f :L × A → Y is
continuous.
Choose a maximal collection K of mutually disjoint compacts subsets of T , such that for every K ∈ K we have
μ(K) > 0 and the oscillation of the mapping f :K × A → Y is less than η at each point of K × A. The collection
K is of course countable; we show that μ(⋃K) = 1. Indeed, suppose rather that μ(⋃K) < 1 and seek to obtain a
contradiction. Let T0 = T \⋃K be endowed with the measure μ0 induced by μ and let S be the support of μ0. Note
that because μ0 is a Radon measure, we have μ(S) = μ(T0). The subspace S of T is ˇCech-complete, being closed
in the Gδ subset T0 of the compact space T . Thus, one can choose by Lemma 3.1 a finite sequence x1, . . . , xn ∈ A
and a non-empty open subset U of S such that for each t ∈ U and x ∈ A, there exists i ∈ {1, . . . , n} satisfying
d(f (t, x), f (t, xi)) < η/8. Clearly, μ(U) > 0. Consider the separately continuous mappings fi :U ×X → R, defined
by fi(t, x) = d(f (t, x), f (t, xi)) for every t ∈ U , x ∈ X and i ∈ {1, . . . , n}. It follows from step 2, that there is a
compact set K ⊂ U with μ(K) > 0 such that each of the mappings fi :K × A → R is continuous. Let us verify that
the oscillation of the mapping f :K × A → Y is less than η at each point of K × A. Let (t, x) ∈ K × A and choose
i ∈ {1, . . . , n} such that d(f (t, x), f (t, xi)) < η/8. Denote by V the intersection of the sets
V1 =
{
(s, y) ∈ K ×A: d(f (s, y), f (s, xi))< η/8}
and
V2 =
{
(s, y) ∈ K ×A: d(f (s, xi), f (t, xi))< η/8}.
Then, V is a neighborhood of (t, x) in K ×A and for every (s, y) ∈ V we have
d
(
f (s, y), f (t, x)
)
 d
(
f (s, y), f (s, xi)
)+ d(f (s, xi), f (t, xi))+ d(f (t, xi), f (t, x))< η/2.
Consequently, the compact K should be added to the collection K. This is the required contradiction, hence
μ(
⋃K) = 1 as claimed.
To end the proof, let K1, . . . ,Kn ∈ K be such that μ(K1 ∪ · · · ∪ Kn) > ε and define K = K1 ∪ · · · ∪ Kn. Since
K1, . . . ,Kn are mutually disjoint, the mapping f :K × A → Y has an oscillation less than η at each point of
K ×A. 
Remarks 4.3. (1) Leaving out of account the measure-theoretical aspect, Theorem 4.2 appears to be closely related
to Namioka’s theorem [22], and indeed an alternative method to manage steps 1 and 2 in the proof of Theorem 4.2,
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step 3) with the help of Namioka’s theorem. A similar argument works for a proof of the entire theorem if X is
compact, but does not work for the general case (because bounded sets in Cp(T ,Y ) for an arbitrary metric Y are not
necessarily relatively compacts).1
(2) We found in the existing literature a number of results dealing with the Borel measurability of separately
continuous mappings (mainly, real-valued ones); but, it seems to us that they are not truly comparable to the statement
of Theorem 4.2. As a sample we cite [21,26] and the more recent [6,7].
A topological space X is said to be determined by a collections K of its subspaces if for any A ⊂ X, A is open in
X if and only if A∩K is open in the subspace K of X for any K ∈K. Recall that the space X is said to be a kω-space
if X is determined by a sequence of its compact subspaces. Theorem 4.2 admits the following corollary:
Corollary 4.4. Let f :T × X → Y be a separately Luzin mapping, where T a Radon measure space and Y a metric
space. If X is a kω-space, then f is Luzin measurable.
Corollary 4.4 is not true even for countable k-spaces. Related examples are provided in Section 5. Since countable
compact spaces are metrizable, one can conclude from Proposition 3.1 that Theorem 4.2 is not generally true for
metrizable spaces.
The remaining of this section is devoted to the following questions: Is there a non-separable compact space with the
Scorza-Dragoni property? Could CH be dropped from the result by Ricceri and Villani that under CH every metrizable
Scorza-Dragoni space with respect to the Lebesgue measure is separable? In view of the examples in Section 2, the
answer to the first question with this level of generality is probably negative. However, for separable measures and if
Martin’s Axiom (or at least a weak form of it) is assumed, then, as we are going to show, the answer to first question
is “yes” and to the second one is “no”. Recall that a measure μ on a σ -algebra B is said to be separable if the pseudo-
metric on B defined by d(A,B) = μ(A  B) is separable. Spaces on which Radon measures are (automatically)
separable form a wide class including all metrizable spaces, all ordered compact spaces [8] and, more generally, all
monotonically normal spaces [5].
Now, we describe the variant of Martin’s Axiom we shall work with. Let (P,) be a poset, that is a partially
ordered set. Let n 1. Then, a subset L of P is n-linked (in P ), if for every p1, . . . , pn ∈ L there exists r ∈ P such
that r  pi for each i  n. The poset P is said to be σ -n-linked if P is a countable union of n-linked subsets. A subset
D of P is dense (in P ) if for any p ∈ P one can find r ∈ D such that r  p. Finally, a subset G of P is said to be
weakly D-generic [17], where D is a collection of subsets of P , if the following conditions are satisfied:
• if p ∈ G and r ∈ P are such that p  r , then r ∈ G;
• for every finite set S ⊂ G, there exists r ∈ P such that r  s for each s ∈ S;
• G∩D = ∅ for every D ∈D.
The following statement, denoted by MA*, is a weak form of Martin’s Axiom, see [27]:
“Let P be a σ -n-linked poset for each n ∈ N. Then, to every collection D of cardinality less than c, each member of
which is dense in P , corresponds a weakly D-generic in P .”
The following lemma is a variant of Proposition 3E in [11] (see also the remarks after that proposition).
Lemma 4.5. [MA*] Suppose that T is equipped with a separable Radon measure μ and let (fi)i∈I , |I | < c, be a
family of μ-measurable mappings from T to a metric space Y . Then, for every ε > 0, there exists a compact set L ⊂ T
with μ(T \ L) ε such that all the mappings fi :L → Y , i ∈ I , are continuous.
Proof. We may suppose that μ(T ) = 1. Let K denote the poset of all compact sets K ⊂ T such that μ(K) > ε,
ordered by ⊂. Let k  1 and let us show that (K,⊂) is σ -k-linked. Choose a countable collection N of Borel sets in
1 After this work was submitted, J.P. Troallic has kindly point out to us that the argument works for the general case by using the extension of
Namioka’s theorem he obtained in Theorem 3.4 in [J.P. Troallic, Boundedness in Cp(X,Y ) and equicontinuity, Topology Appl. 108 (2000) 79–89].
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For every n 1 and N ∈N , let KN,n,k be the collection of all K ∈K with μ(K) > ε + 1/n and μ(N  K) < 1/kn.
Then
K=
⋃
N,n
KN,n,k.
We show that for every n  1 and N ∈N , the collection KN,n,k is k-linked. Let L1, . . .Lk ∈ KN,n,k . The inclusion
Ac ⊂ (AC)∪ (B C)∪Bc holds for every subsets A, B and C for a given set X, hence it follows that
⋃
1ik
Lci ⊂ Lck ∪
( ⋃
1ik
Li N
)
.
Thus
μ
( ⋃
1ik
Lci
)

∑
1ik
μ
( ⋃
1ik
Lci
)
< 1 − ε − 1/n+
∑
1ik
1/kn = 1 − ε,
and then μ(
⋂
1ik Li) > ε. This shows that the set {L1, . . . ,Lk} admits a lower bound in K.
For each i ∈ I , let Di be the set of all K ∈ K for which the mapping fi :K → Y is continuous. It follows from
Luzin’s theorem that for every i ∈ I , Di is dense in K. Applying MA*, there is a directed subset G of K such that
G ∩Di = for every i ∈ I . Since G is directed, we have μ(⋂G)  ε. Let L =⋂G. Then, since for each i ∈ I , L is
contained in a member of Di , all the mappings fi :L → Y , i ∈ I , are continuous. 
Theorem 4.6. [MA*] Let X be a space of cardinality < c, strongly generated by a countable collection of its bounded
subsets. Then X is a Scorza-Dragoni space with respect to any separable Radon measure.
Proof. It follows from Lemma 4.5 that every Carathéodory function f :T ×X → Y , where T is endowed with a sep-
arable Radon measure and Y is a metric space, is separately Luzin measurable. It remains to apply Theorem 4.2. 
Theorem 4.7. [MA*] Every metric space X of density < c has the Scorza-Dragoni property with respect to separable
Radon measures.
Proof. The same proof of Theorem 1.1 given in Section 2 works in this case, with the following modifications:
(a) replace the sequence (xn)n∈N by any dense D ⊂ X with cardinality < c;
(b) the axiom MA* allows the indexing set I of the intersection appearing in (3) to be of cardinal < c. Indeed, the
well-known fact that Martin’s Axiom implies that the intersection of less than c measurable subsets of the reals is
measurable (see for example [25]), holds again under MA* for any separable Radon measure (a similar argument
as in the proof of Lemma 4.5 may work in this case);
(c) to conclude, apply again Lemma 4.5 to get the compact K used in item (5). 
The referee of our paper suggests the following simplified proof of Theorem 4.7 (and related Theorem 1.1). We
quote a fragment of the referee’s report: “Let f :T ×X → Y be a Carathéodory function with T carrying a separable
Radon measure μ, X, Y -metrizable, and D ⊂ X a dense set of cardinality < c. MA is assumed. Let ε > 0 be given. The
maps fd(x) = f (d, x), d ∈ D, are measurable, and Fremlin’s theorem yields a compact set K ⊂ T with μ(T \ K) <
ε/2 and all fd continuous on K . Since f is continuous in x, f (K × X) is contained in the closure of the union⋃
d∈D fd(K), hence f (K × X) has an open base B of cardinality < c. Arguments from Kucia [16, proof of lemma,
p. 198], combined with the fact that the intersection of less than c measurable sets in T is measurable, show that for any
open U ⊂ Y , f−1(U)∩ (K ×X) is a union of less than c rectangles S ×W with S measurable and W open. In effect,
there is a collection of such rectangles Sα × Wα , α < λ < c such that each f−1(B) with B ∈ B is a union of some
collection of these rectangles. Applying again Fremlin’s theorem, one gets a compact set L ⊂ K with μ(K \L) < ε/2
and characteristic functions of the Bα continuous on L. In effect, f is continuous on L×X.”
The variant of Theorem 1.1 described in Theorem 4.7 should be compared with the result proved by Ricceri and
Villani mentioned in Section 2 (Example 2.1). In particular, MA + ¬CH imply that there is a non-separable metric
space which is a Scorza-Dragoni space with respect to every separable Radon measure.
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None of the examples given in Section 2 is countable. Among the results of this section is that there are countable
k-spaces without the Scorza-Dragoni property, as well as countable Scorza-Dragoni ℵ0-spaces which are not k-spaces.
A large class of countable Scorza-Dragoni spaces with only one non-isolated is identified and some stability properties
are pointed out in this sitting. The fact that Carathéodory functions for countable spaces X are separately Luzin
measurable suggests to look for countable counterexamples directly in Cp-spaces. This is indeed supported by the
following general fact:
Proposition 5.1. Let T be a Tychonoff space, X a dense subspace of Cp(T ) and consider the separately continuous
mapping given by the evaluation function f : (t, x) ∈ T ×X → x(t) ∈ R. Let a ∈ X. Then, there is no infinite compact
set K ⊂ T for which the mapping f :K ×X → R is continuous at every point of K × {a}.
Proof. Let K ⊂ T be an infinite compact set and suppose that f :K ×X → R is continuous at any point of K × {a}.
Then, since K is compact, there are a finite sequence s1, . . . , sn ∈ T and 0 < ε < 1/2 such that whenever |x(si) −
a(si)|  ε for all i  n, then |x(s) − a(s)|  1/2 for all s ∈ K . Take sn+1 ∈ K \ {s1, . . . , sn}. There is continuous
function φ :T → R satisfying φ(sn+1) = 2 + a(sn+1) and φ(si) = a(si) for each i  n. Since X is dense in Cp(T ),
taking x ∈ X such that |x(si)− φ(si)| < ε for each i  n+ 1, we arrive at the contradiction that
2 = ∣∣φ(sn+1)− a(sn+1)∣∣ ∣∣φ(sn+1)− x(sn+1)∣∣+ ∣∣x(sn+1)− a(sn+1)∣∣ ε + 1/2 1. 
The next statement improves the example from [16] corresponding to Example 2.3 in Section 2.
Example 5.2. Let T be a Radon measure space with a diffused measure μ. It follows from Proposition 5.1 that any
dense subspace of Cp(T ) fails to have the Scorza-Dragoni property with respect to (T ,μ). In particular, to obtain
a countable space without the Scorza-Dragoni property, it suffices to take T so that Cp(T ) is separable (e.g., the unit
interval with the Lebesgue measure).
Observe that Proposition 5.1 involves only the neighborhoods of the point a ∈ X. More precisely, if all points in
X are declared to be isolated, except the point a which conserves its old neighborhoods, then we get a new space
Xa with a single non-isolated point for which Proposition 5.1 remains true. In general, for every countable space X
without the Scorza-Dragoni property, there is at least a point a ∈ X such that the corresponding space Xa (described
above) fails to have the same property. This is a consequence of the next statement and of the easy observation that
the class of Scorza-Dragoni spaces is stable under countable sums. Let the symbol
⊕
Xa denote the topological sum
of the spaces Xa , a ∈ X.
Proposition 5.3. If X is a space such that the sum ⊕Xa is a Scorza-Dragoni space with respect to (T ,μ), then so
is X.
Proof. Since the space X is a quotient of
⊕
Xa , it suffices to apply Proposition 3.2. 
The construction in Example 5.2 (via Proposition 5.1) can be performed to produce counterexamples which are
k-spaces, as was promised above. We need the following terminology. For a space X, kX is the k-leader of X; that is,
the underlying set of X topologized by declaring a set A ⊂ X open if for every compact set K ⊂ X, A∩K is open in
the subspace K of X. It well known that kX is a k-space [10].
From now on, we denote by 2N the usual Cantor space. In the next statement we assume that 2N is equipped with
a diffused measure μ (e.g., the Haar measure).
Proposition 5.4. There are a countable space X, a point a ∈ X and a separately continuous mapping f : 2N × X →
{0,1}, such that the mapping f : 2N × k(Xa) → {0,1} is not Luzin measurable. In particular, all the spaces X, kX,
Xa and k(Xa) fail to have the Scorza-Dragoni property.
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of which is closed and open in 2N. The space X is the algebra of sets generated by B, topologized as follows. Every
member U of X is identified with its characteristic function χU : 2N → {0,1} and X is equipped with the topology
induced from the function space Cp(2N). (Note the similarity with 5.2: X is dense in the space C(2N, {0,1}) with the
pointwise topology.)
To simplify, put X0 = k(X∅). It is clear that the evaluation mapping f : 2N × X → {0,1}, (t,U) → χU(t), is
separately continuous; thus, so are the mappings f : 2N×kX → {0,1}, f : 2N×X∅ → {0,1} and f : 2N×X0 → {0,1}.
Since the topology of X0 is finer than the topologies of X, kX and X∅, to conclude it suffices to prove that the
mapping f : 2N × X0 → {0,1} is not Luzin measurable. Let K ⊂ 2N be a compact set with μ(K) > 0 and suppose
that f :K ×X0 → {0,1} is continuous at every point of K × {∅}. Then, K being compact, the set
A = {U ∈ X: χU(s) = 0,∀s ∈ K}
is a neighborhood of ∅ in X0. Since K is an infinite compact space, there exists an accumulation point s of K . Choose
a decreasing basis (Un)n∈N ⊂ B at s in 2N and put Vn = Un \ Un+1. Then Vn ∈ X for every n ∈ N. The sequence
(Vn)n∈N converges to ∅ in X; furthermore, since the range of a convergent sequence taken together with its limit point
is a compact set, this convergence holds in X0. Let k ∈ N be such that Vn ∈ A for every n k. Take t ∈ K \ {s} so that
t ∈ Uk , and then choose n k such that t /∈ Un. There is an integer k  l < n with t ∈ Ul \ Ul+1, that is, t ∈ Vl ; but
this is a contradiction, since Vl ∈ A and t ∈ K . 
It is possible in Proposition 5.4 to take I with the Lebesgue measure in place of the Cantor space 2N, as done for
the preceding examples. To define the space X in this case, one can proceed exactly as in the proof of Proposition 5.4,
starting from any countable open base of I and considering X as a subspace of RI. In this configuration the mapping
f is not separately continuous, but is still separately Luzin measurable.
In what follows we deal with countable not necessarily Hausdorff spaces having only one non-isolated point. Such
spaces can be identified to NF = N ∪ {∞}, ∞ /∈ N, topologized by isolating the points of N and using the family
{{∞} ∪ A: A ∈ F} as neighborhood base at ∞, where F is a filter on N. The filter F will be regarded as a subset of
the Cantor space 2N, by the usual identification of the power set of N with 2N. Let SD denote the class of the filters F
on N for which the space NF is a Scorza-Dragoni space. We are interested in how much large is the class SD, and in
this connection the following reduction lemma turns out to be convenient:
Lemma 5.5. Let F be a filter on N. Then, in order that F belongs to SD it suffices that every Carathéodory function
g :T × NF → {0,1} is Luzin measurable.
Proof. Suppose the condition satisfied and let f :T × NF → Y be a Carathéodory function, where Y is an arbitrary
metric space with a compatible distance d . Let 0 < ε < 1. To show that f is Luzin measurable, we only have to prove
that for any η > 0 there is a compact set K ⊂ T with μ(K) ε and satisfying⋂
t∈K
{
n ∈ N: d(f (t, n), f (t,∞)) η} ∈F .
For each t ∈ T , let At = {n ∈ N: d(f (t, n), f (t,∞))  η} and consider the mapping g :T × NF → {0,1} defined
as follows: g(t,∞) = 1 and g(t, n) = χAt (n) for every t ∈ T , n ∈ N. It is easy to check that the mapping g is a
Carathéodory function. The required compact set K ⊂ T is obtained using the fact that g is Luzin measurable. 
Given a collection (Gi )i∈I of subsets of 2N, we shall say that the union
⋃
i∈I Gi is a filtering union if it is closed
under finite intersections (as a collection of subsets of N). If each Gi is a relatively measurable in
⋃
i∈I Gi (regarded as
subspace of 2N), then⋃i∈I Gi is said to be a measurable union. With this terminology, we have the following stability
property of the class SD:
Proposition 5.6. The class SD is closed under countable intersections and countable measurable filtering unions.
Proof. (i) For the first assertion it suffices to apply Proposition 3.2 to the quotient mapping given by the trivial
mapping g :
⊕
NF → N⋂F , where (Fn)n∈N is a sequence of filters on N.n∈N n n
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n∈NFn. Note thatF is a filter on N. Let f :T ×NF → Y be a Carathéodory function, where μ(T ) = 1 and denote by
d a compatible metric for Y . Let 0 < ε < 1 and let us prove that for every η > 0 there is a compact set K ⊂ T such that
μ(K) ε and
⋂
s∈K As ∈ F , where for each s ∈ T , As = {n ∈ N: d(f (s, n), f (s,∞)) η}. Since all the mappings
f (t, ·) :NF → Y , t ∈ T , are continuous, it is possible to write T =
⋃
n∈N Tn, where Tn = {t ∈ T : At ∈Fn}. Since the
mapping t ∈ T → At ∈ 2N is measurable and the Fn’s are measurable in F , it follows that every Tn is measurable
in T . Put S0 = {t ∈ T : At ∈ F0} and Sn = Tn \⋃i<n Ti for n  1. There is n  1 such that μ(⋃in Si) > ε. We
suppose that μ(Si) > 0 for each i  n and put ηi = μ(Si)− [μ(⋃in Si)− ε]/n.
Now, the point is that by using Lemma 5.5 we take Y to be {0,1} with the discrete metric, so that, taking η < 1,
the set At becomes equal to {n ∈ N: f (t, n) = f (t,∞)} for every t ∈ T . Consequently, each of the mapping f :Si ×
NFi → {0,1}, i  n, is a Carathéodory function. Since Fi ∈ SD, there exist Ai ∈ Fi and a compact set Ki ⊂ Si ,
such that μ(Ki) > ηi and Ai ⊂⋂s∈Ki As . Let A =⋂in Ai and K =⋃in Ki . Then A ∈ F , μ(K) > ε and A ⊂⋂
s∈K As . 
For each n ∈ N, let Un denote the filter on N given by {A ⊂ N: n ∈ A}. Consider the smallest class Γ ∗ including
{Un: n ∈ N} and closed under countable intersections and countable filtering unions. It is easy to verify that every
member of Γ ∗ is a (Borel) filter on N. The larger class Γ obtained in this way by dropping the filtering condition, is
the well-known class of the so-called positive Borel sets; see [15], where it is proved that a Borel set G ⊂ 2N is in Γ if
and only if G is monotone, that is, if A ∈ G and A ⊂ B ⊂ N then B ∈ G. However, not all members of Γ are filters (the
class Γ ∗ isn’t here to accommodate this anomaly, it will not do anyway; it is of course introduced in connection with
the stability properties in Proposition 5.6). Since for each n ∈ N the filter Un belongs to SD (that is way the Hausdorff
axiom has been relaxed), the following statement is a direct consequence of Proposition 5.6:
Proposition 5.7. Γ ∗ ⊂ SD.
While Proposition 5.7 provides us with a large subclass of SD, it is unfortunately not true that every Borel filter on
N is in SD; thus, Γ ∗ does not capture all Borel filters. In fact, since we already know that there are countable spaces
without the Scorza-Dragoni property, it follows from the next statement that there are even Fσ filters which are not
in SD.
Proposition 5.8. Let F be a filter on N such that every Fσ filter G contained in F is in SD. Then F is in SD too.
Proof. Let f :T ×NF → Y be Carathéodory function and let 0 < ε < 1. As in item (ii) in the proof of Proposition 5.6,
by using Lemma 5.5 we suppose that Y = {0,1} and for each t ∈ T we put At = {n ∈ N: f (t, n) = f (t,∞)}. It follows
from Luzin’s theorem applied to the (measurable) mapping φ : t ∈ T → At ∈ 2N that there is a compact set K ⊂ T
with μ(K) > ε such that the mapping φ :K → 2N is continuous. Let G be the filter on N generated by the compact
set φ(K). Then G is an Fσ filter, G ⊂ F and f :K × NG → Y is a Carathéodory function. Since μ(K) > ε and, as
assumed, G is in SD, there is a compact set L ⊂ K such that μ(L) > ε, for which the mapping f :L × NG → Y is
continuous. It follows that the mapping f :L× NF → Y is continuous too, which completes the proof. 
To give some idea of how the above results can be used, we consider three standard countable spaces. The underline
set of all these spaces is N×N∪{∞}, ∞ /∈ N×N. We begin with the countable Fréchet–Urysohn fan, denoted by SN
and defined by declaring all points in N × N isolated and taking as a basis of neighborhoods of the point ∞ sets of
the form {∞} ∪ {(n,m) ∈ N × N: m φ(n)}, φ ∈ NN. It is well known that SN is an ℵ0-space and a k-space, but not
metrizable. The second space is the so-called Arens space, denoted here by A, obtained by modifying the space SN
as follows: a basis of neighborhoods at the point ∞ is now given by sets of the form {∞} ∪ {(m, l) ∈ N × N: m n,
l  φ(m)}, n ∈ N, φ ∈ NN. It is easy to see that all compact subsets of A are finite; in particular, A is an ℵ0-space but
not a k-space. The third example is the sequential Arens space, denoted Aseq , defined as follows: for each n ∈ N a
neighborhood basis of (n,0) is given by sets of the form {(n, k): k  l}, l ∈ N, and a neighborhood basis of the point
∞ is given by
{∞} ∪ {(n,m) ∈ N × N: n k,m φ(n)}∪ {(n,0): n l},
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Fréchet space.
Proposition 5.9. The three spaces SN, A and Aseq have the Scorza-Dragoni property.
Proof. It is easy to compute that the filters on N × N induced by the neighborhoods of the point ∞ in both A and
SN belong to the class Γ ∗ (corresponding to N × N). So Proposition 5.7 applies. Of course, it also possible to use
Corollary 3.4 for SN. To prove that Aseq is a Scorza-Dragoni space, it suffices again to apply Proposition 5.7, with the
help of Proposition 5.3. 
We conclude with a remark completing Lemma 5.5.
Remark 5.10. Using some of the arguments in the proofs of Propositions 5.6 and 5.8, one can show that for every
filter F on N the following are equivalent:
(i) F belongs to the class SD;
(ii) for every Radon measure μ on F and every ε > 0, there is a measurable set M⊂ F such that μ(F \M) < ε
and
⋂M ∈F ;
(iii) F is “essentially countably generated”: for every Radon measure μ on F , there is a countably generated filter
G ⊂F such that μ(F \ G) = 0.
Of course, ifF is universally measurable in 2N, one can replace the measures in items (ii) and (iii) by σ -finite measures
on 2N.
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